Abstract. This paper reviews the latest advances in the area of multi-soliton complexes (MSCs). We present exact analytical solutions of coupled nonlinear Schr odinger equations, which describe multi-soliton complexes and their interactions on top of a background in media with self-focusing or self-defocusing Kerr-like nonlinearities. We p r e s e n t n umerical examples illustrating the remarkable properties of MSCs, such as their reshaping after collisions. This occurs because the fundamental solitons composing an MSC can acquire different lateral shifts. We also obtain an accurate estimate for the peak intensities of stationary and interacting MSCs, by establishing a rigorous relationship between the eigenvalues of incoherently{coupled fundamental solitons and the range of admissible intensities.
Introduction
Dynamic nonlinear systems have properties which w ere initially surprising to scientists FPU55, F er65, A 0 1 ]. The concept of`solitons', rst introduced in ZK65], helped to demistify at least some of these surprises. The inverse scattering technique, developed later in a number of works GGKM67, ZS71, AKNS74], gave scientists a powerful tool for understanding and for investigating the properties of nonlinear systems with an in nite number of degrees of freedom. The theory has far-reaching consequences which allow us not only to solve speci c problems, but also to understand the situation qualitatively. F or example, this was the case with the so called multi-soliton complexes (MSCs).
A m ulti-soliton complex is a self-localized state which is a nonlinear superposition of several fundamental solitons AA00]. In optics, it can be a single beam or pulse created by a nonlinear superposition of fundamental solitons, where each has the same velocity. The nonlinear superposition can be either coherent o r i n c oherent, in the sense that the phases of the separate solitons in the collection can be either related or independent. The solitons in the group may be bound together, or at least may s t a y close to each other, simply because they have the same initial speed. A large class of problems involve MSCs. They arise from diverse applications in optics. The rst review on this subject AA00] appeared more than a year ago. The present article can be considered as a continuation of AA00] which summarizes new material published since that time.
MSCs have common properties which are of interest in broad areas of physics. These include systems of fermions in one space dimension in the Hartree -Fock a pproximation, envelope solitons of random phase waves Has75 , Has77], multicomponent Bose-Einstein condensates at zero temperature BV97], self-con nement of optical pulses in multimode glass bers Has80] and short pulses in multi-core optical bers BA95] . Gap CJ88, TS88] are particular examples of MSCs. A similar case is a soliton and its`shadow' Men87, Men88] . A parametric interaction between two w aves at di erent frequencies can result in their coupling and the formation of a parametric soliton KS74, K S 7 5 ], which is another example of an MSC. One more widely -explored model of nonlinear superposition of high frequency and low frequency vibrations is that of Davydov In many c a s e s , m ultisoliton complexes appear in conservative systems which m a y be Hamiltonian. However, generalization to nonconservative systems is also possible ASCC + 98].
The number of components, M, in a complex can be arbitrary, and can go up to in nity for incoherent solitons SM98, SA98] . We assume, throughout the rest of this paper, that the components have independent phases. The di erence between the two t ypes of phase relationship means that, when the interactions between the components are phase-dependent, stationary self-trapping can occur only if the relative phases of all the components are xed, so that the soliton solutions which form are one-parameter families and they can be represented on plots of Hamiltonian-versus-energy AA97]. On the other hand, when the phases are independent, the MSC is a multi-parameter family. In the latter case, coherent four wave mixing (FWM) terms (which are also known as energy exchange terms) average out and e ectively disappear KSAA96, H a s 8 0 ]. This is the case for spatial incoherent solitons which can be excited in photorefractive materials SC01].
In general, MSCs can be described by a set of M coupled nonlinear Schr odinger (NLS) equations. For example, evolution of spatial solitons along the propagation direction can be modeled, in the parabolic approximation, by a system of NLS equations for the set of modes, where the equations are coupled through the change of refractive index. In the case of (1+1)-D spatial geometry, the normalized equations describing the propagation of M self-trapped, mutually-incoherent w ave p a c kets in a medium with a Kerr-like nonlinearity are SC01] where m = 1 2 : : : M , while M is the number of modes (or components), u m is the complex amplitude of the m-th mode, x is the transverse coordinate, z is the coordinate along the direction of propagation, I = P M j=1 ju j j 2 is the total intensity, and F(I) is the normalized change of refractive index pro le created by all the incoherent components of the light beam. The response time of the nonlinearity i s assumed to be long compared with temporal variations of the mutual phases of all the components, so the medium responds to the average light i n tensity, and this is just a simple sum of modal intensities I.
Ordinary solitons are known to behave l i k e single particles. Thus, the di erence between a single ordinary soliton and an incoherent soliton could be compared to that between an elementary particle and a complicated structure, such as an atom. Indeed, detailed analysis has shown that MSCs are multi-parameter families of solutions AKS98], as distinct from single-parameter families, such a s NLSE-solitons AA97]. Moreover, MSCs behave like m ulti-particle objects in collisions AKS98]. A simple example of a one-parameter family of \optical mesons" has been considered in DH97].
Solitons belonging to di erent components can couple together through the cross-phase modulation (XPM) e ect, since the presence of one component results in a modi cation of the e ective refractive index for the other components according to Eq. (1.2). The possibilities include various combinations of bright and dark solitons Man73, I n o 7 6 , TS88, TWWS88, ADPS88, Chr88]. For example, a coupled dark-bright soliton pair has been observed in a self-defocusing nonlinear medium SB92].
Since a multi-soliton complex is, by de nition, a composite structure, it can behave in a more complicated way than a conventional one-component soliton. For example, the MSC shape is not xed, so it can change after collisions with other solitons AKS98]. In the following, we study the features of bright a n d dark MSCs. These can be linked to experimental observations in electrically biased photorefractive crystals.
Let us brie y outline some general properties of Eqs. This occurs because there is no energy transfer mechanism between the components. In fact, this is the main di erence from the phase-dependent components case, where only the total energy is conserved.
We can be represented as a nonlinear superposition of a nite number of solitary waves and radiation modes which correspond to the discrete and continuous parts of the linear (L A) operators, respectively Man73, Z S 7 1 ]. The soliton part of the solution accounts for wave localization, while radiation waves appear if the background is present. The property o f i n tegrability a l l o ws a simple qualitative approach t o t h e problem, and we can also nd exact solutions in explicit analytical forms.
Every fundamental soliton (labeled j) i s c haracterized by (i) a complex wavenumber k j = r j +i j , (ii) a shift in the coordinate plane (x j z j ), and (iii) a polarization vector p (j) in the function space, normalized to unity a s P M m=1 p (j) m 2 = 1 . T h e simplest bright single{soliton solution in a self-focusing medium (s = +1) can be written as: u m (x z) = p (j) m r j sech( j ) e i j (1.3) where j = r j ( x j ; j z j ), j = j x j + ( r 2 j ; 2 j ) z j =2, and ( x j z j ) = ( x ; x j z ; z j )
are the shifted coordinates. The peak soliton intensity and its inverse width are determined by the real part of the wavenumber, r j , while the imaginary part, j , characterizes the tangent of the inclination angle of the soliton (or the velocity i n the transverse direction). Moreover, each fundamental soliton can be \spread out" into several incoherent components, as de ned by the polarization vector. We note that the term \polarization" is used because Eqs. (1.1), in the case M = 2 , c a n describe coupling of two components with orthogonal polarizations of the electric eld Man73]. However, in our case, the polarization parameters p (j) are not related to the orientation of the electric eld. The solution for a single radiation mode, in the form of a plane wave, can be characterized by a similar set of parameters, u m (x z) = p (j) m r j e i j (1.4) where j = x j + ( 2 sr 2 j ; 2 j ) z j =2. Such a p l a n e w ave exists for either sign of nonlinearity, s = 1, and it is stable in a self-defocusing medium. Moreover, an incoherent superposition of a large numb e r o f p l a n e w aves can be stable, even in a self-focusing medium, as was shown in Ref. SSC + 00]. In the presence of solitons, the plane waves are distorted, but due to the integrability of the original equations, the corresponding solutions can be obtained in an explicit form, as we demonstrate in Sec. 3 below.
2. Bright m ulti-soliton complexes 2.1. General solution. A stationary MSC can only be formed by incoherently coupled fundamental solitons with identical angle tangents (velocities) m , a n d radiation waves. In the framework of the integrable model given by Eqs. (1.1) and (1.2), such a structure is asymptotically unstable, since a small perturbation can result in a change of the fundamental soliton angles. Nevertheless, the break-up of multi-soliton complexes into individual fundamental solitons can be neglected if we consider their propagation over nite distances, since the instability m o d e o n l y grows linearly with distance.
For multi-soliton complexes existing in photorefractive crystals, all the solitons and radiation modes should have orthogonal polarization vectors, i.e. P M m=1 p (j) m p (n) m = jn . Indeed, if this condition is not satis ed, an intensity pro le will experience periodic beating due to the di erence in the phase velocities of the fundamental solitons and radiation waves (see, e.g., Refs. AA97, PS99, S A 9 9 ]), as illustrated in Fig. 1 .
However, such behavior is not consistent with the fact that the model Eqs. (1.1) was introduced for time-averaged elds.
The mathematical description can be simpli ed in the case of orthogonal polarizations if we use the rotational symmetry in the functional space of the original Eqs. (1.1). Indeed, it is su cient to nd solutions u j where each fundamental nonlinear eigenmode belongs to a di erent component, p (j) m = mj , and then the full family of solutions can be determined using the following transformation:
Evolution of an MSC intensity pro le with multiscale periodic "beating" due to internal coherent i n teractions.
where the matrix R mj de nes a rotation in the M-dimensional space (characterized by M ; 1 angles), which preserves the MSC intensity pro le For the particular choice of coe cients given by (2.3), it is possible to derive a n explicit analytical solution of Eqs. (2.2) for the mode amplitudes in multi-soliton complexes. Using the mathematical induction approach, we obtain the following result SA99]: where
Here L denotes sets of indices (L 1 L 2 ), and the summation goes over all possible permutations of soliton numbers between the two sets. Then, the variables for each realization of L are found to be:
where c jm = jb jm j, ' jm = a r g ( 1 =b jm )=2, with the function arg providing an argument v alue in the interval 0 2 ).
We note that only j and j depend on the coordinates (x z). All the other coe cients are expressed in terms of the complex wave n umbers k j and constant shifts in positions (x j z j ) o f M fundamental solitons. Since Eqs. (1.1) possess a translational symmetry along the x and z axes, the soliton solution can be shifted as a whole. Therefore, the number of independent parameters controlling the multisoliton complex is 2M ; 1. In general, the fundamental soliton pro les are asymmetric, and simple analytical expressions for the shift parameters cannot be obtained. It follows from Eq. (2.7) that, after the collisions, the fundamental solitons acquire lateral shifts (i.e. shifts along the x axis). For a single soliton, the translational shift is found to be
Soliton interactions. Suppose we h a ve an initial eld distribution con
Here the summation involves the fundamental solitons which participate in the collisions with the soliton number j. This result agrees with the expression found in the M = 2 case Man73]. According to Eq. (2.9), the shift is di erent for each soliton in an MSC. As a result, the intensity pro le of an MSC changes after a collision AKS98] (see an example in Fig. 2 ).
3. Multi-soliton complexes on a background 3.1. General solution. We n o w study the properties of MSCs existing on top of a background which is composed of radiation modes (see Fig. 3 ). A simple case with one component in the radiation eld was studied in AA99]. In general, there can be an arbitrary number (M r ) of radiation modes, and, to be speci c, we assume that they belong to the components with M s + 1 m M s + M r , while the fundamental solitons are numbered so that 1 m M s .
In order to reveal the basic properties of radiation modes in the presence of an MSC, we rst perform a linear analysis, assuming that the radiation wave a mplitudes are vanishingly small, and that they do not contribute to the intensity pro le. We note that, in the limit r j ! 0, Eqs. (1.3) and (1.4) coincide. Therefore, the low-amplitude radiation mode pro le can be found by taking Eqs. (2.4), which de ne soliton pro les in bright MSCs, and considering the limit r m ! +0: (3.1) Then, the pro le in component n umber m will approach that of a dark mode, provided that the limiting transformation is done properly. I t i s n o w c o n venient t o return to the system of linear equations (2.2), and after applying the limit (3.1) we have (up to a constant phase which can be neglected) SA00, SAA01]: This sum depends only on the amplitudes of the bright c o m p o n e n ts, which i n t u r n are found from an independent system of M s linear equations (2.2). Note that solution (3.2), which i s v alid in the limit r m ! 0, reduces to a simple plane-wave pro le given by Eq. (1.4) in the absence of bright components.
When the radiation wave amplitudes r m are not small, both the radiation modes and the bright soliton pro les de ned by Eq. (2.2) are distorted according to the nonlinear superposition principle. In the following, we d e v elop a special technique for constructing solutions for MSCs with a non-zero background. We recall that the self-induced waveguide depends only on the mode intensities. Thus, important information can be obtained by analyzing the normalized intensity p r o l e o f t h e low-amplitude dark mode de ned by Eq. while for the radiation modes we p u t U m = 1 . Then, the full intensity o f t h e re-scaled solution,ũ m , including the contribution of the nite-amplitude radiation waves, is found to beĨ = I b + sI: (3.6) Here I is the intensity pro le of the bright MSC on a zero background, and I b = P Ms+Mr j=Ms+1 jr j j 2 is the background intensity. Quite remarkably, this procedure can be used for both signs of nonlinearity ( s = 1). We note that the nonlinearly-induced waveguide pro les de ned by Eq. (1.2) coincide for the original F(I) = I(x z)] and re-scaled F(Ĩ) = sI b + I(x z)] solutions, up to a constant b a c kground. Therefore, the self-consistency condition is preserved, and this is the principal feature of the introduced transformation. The presence of the background can be taken into account b y modifying the propagation constants, so that the resulting functions satisfy the original Eqs. (1.1) and (1.2). We nally obtain: u m (x z) = U m e isIbz u m (x z): (3.7) At this point, the derivation of the analytical solutions for MSCs existing on top of several radiation modes is complete, and the component pro les are de ned by Eqs. (3.5) and (3.7), together with Eqs. (2.2) and (3.2). Each solution of this type corresponds to a multi-parameter family which can be generated with the help of the rotation transformation (2.1).
Let us now extend the analytical results to the case where the background is We note that, for a nite number of radiation modes, the distribution function can be written as R( ) = P Ms+Mr j=Ms+1 r 2 j ( ; j ), and then expression (3.8) reduces to Eq. (3.5).
We stress that the above results are valid for both self-focusing (s = + 1 ) a n d self-defocusing (s = ;1) media. As follows from Eq. (3.6), the qualitative di erence is that, in the former case we h a ve bright complexes on a constant background while in the latter case dark dips are formed. 3.1.1. Modulation of background components. According to the general relation (3.6), the intensity pro le is uniquely determined by the eigenvalues of the bright fundamental solitons and the background intensity I b , and does not depend on the the angular distribution of radiation waves. However, the total intensity o f the soliton components, both depend on the scaling coe cients U m , de ned in Eq. (3.8). As follows from Eq. (3.9), each fundamental soliton creates a dark hole in the background, and the corresponding modulation depth is proportional to the bright-dark coupling coe cient, g i v en by the value (jU m j 2 ; s). Interestingly enough, the radiation mode pro les are the same in self-focusing and self-defocusing media, provided the distribution function and soliton eigenvalues remain unchanged.
However, there are some key di erences between solitons in self-focusing and self-defocusing media. In the former case, any modulation of the background is compensated by the bright components having larger amplitudes (since jU m j 2 > s , and s = + 1 ) . On the other hand, in a self-defocusing medium, a dark soliton creates an e ective w aveguide, which in turn can trap bright c o m p o n e n ts. Such a self-trapping mechanism results in the restriction that there is a minimum for the dark soliton width. This happens because the maximum intensity contrast is limited by the value of the background intensity. As a matter of fact, the limitation can be even stricter, since the maximum modulation depth, M = m a x x (I b ; I)=I b 1, cannot always reach t h e v alue of 1. Then, according to Eq. (1.3), the characteristic width corresponding to one fundamental soliton cannot exceed the value (MI b ) ;1=2 . The actual limit can be determined by solving the existence conditions, which f o l l o w from the requirement that the right-hand-side of Eq. (3.8) be non-negative, since, by de nition, jU m j 2 0. It is interesting to note that these conditions involve only the individual wavenumbers of fundamental solitons, and that they are automatically satis ed for interacting solitons forming MSCs.
The radiation modes are characterized by a non-trivial phase modulation. For practical applications, it is especially important t o k n o w t h e phase jump, o r t h e additional phase shift which appears due to the presence of bright fundamental solitons. Using Eqs. (2.2) and (3.2), we nd the following relation, Intensity distributions for = 7 in a self-focusing medium. Parameters and notation are the same as in Fig. 4. (jU m j 2 ; s) ' I b p =( r m ) ! 0. Therefore, we expect that, for a xed background intensity I b , the modulation of the radiation waves should be reduced (i) for wider angular distributions, i.e. larger , and (ii) for MSCs having higher velocities j m j.
On the other hand, since the phase jump depends on the radiation mode wave number , the excitation of solitons can be more di cult in cases of wider angular spectra of radiation modes, i.e. larger . Additionally, for an MSC at an angle, i.e. when m = c o n s t : 6 = 0, the dependence ( ) becomes asymmetric, unless R( ; m ) = R( m ; ).
3.3. Bright solitons in a self-focusing medium. A collision between two MSCs is illustrated in Fig. 6 . This example corresponds to the initial conditions shown in Fig. 4 . A remarkable fact is that the total intensity pro le does not depend on the value of , p r o vided that I b is preserved. The intensity pro le for the collision will be the same for other values of or for other distribution functions. In these examples, the MSC actually has an intensity which is relatively small compared with the background level.
Note that the shape of each M S C c hanges after the collision, for the reasons discussed in Sec. 2.2. In particular, a symmetric MSC becomes asymmetric after a collision. The presence of radiation does not in uence this process. Another feature of a collision is that the lateral shift of the MSCs is relatively large. For example, it can easily be seen on the scale of Fig. 6 . In contrast to single solitons, MSCs experience larger shifts during collisions, due to the multiple contributions from all the constituent fundamental solitons.
3.4. Dark solitons in self-defocusing medium. To describe MSCs on a background in a self-defocusing medium (s = ;1), we rst have to determine the existence conditions, as outlined in Sec. 3.1.1. By considering the case of the Gaussian distribution given by Eq. (3.11), we nd that, for a narrow angular spectrum, in the lowest-order approximation, the existence condition is jk m j 2 = r 2 m + 2 m I b . Therefore, the minimum soliton width, which is of order r ;1 m , c a n b e a c hieved if the soliton angle is zero. In the other limit where 1 a n d m , w e h a ve r m I b p = , i.e. the minimum width increases linearly with an increase in .
Numerically-calculated existence regions are shown in Fig. 7 for two v alues of in Eq. (3.11). Figure 7 (a) clearly shows that the existence region is very similar to that in the case of a single component radiation eld when is relatively small. However, the existence regions become visibly di erent w h e n is large, as seen in Fig. 7(b) .
The range of possible soliton widths for various is given by the shaded region in Fig. 8 . This result shows that the distribution function for the radiation eld in uences the properties of an MSC, in that it changes the limiting parameters for the existence of the MSC, although the intensity pro le of the MSC is not directly in uenced by the properties of the radiation eld. Figure 9 shows an example of the intensity distribution for a self-defocusing medium (i.e. dark MSCs on a background). We h a ve c hosen the soliton eigenvalues to be the same as those in Figs. 4 and 6. According to our general expression (3.6), the total intensity pro les in self-defocusing and self-focusing media are \mirror-images" relative to the level of the background. Even the radiation mode intensities coincide in these two cases | cf. Figs. 4(c) and 9(c) . However, the bright c o mponent i n tensities are di erent, as is clearly seen in Fig. 4(b) and 9(b) . This is a Intensity distributions in a self-defocusing medium. Parameters and notation are the same as in Fig. 4 . manifestation of the nontrivial nature of the nonlinear superposition of the solitons and the background components. Figure 10 shows a collision of two M S C s o n a b a c kground. Again, we c a n s e e that the nonstationary intensity pro le created by the soliton interaction during collision is the "mirror image" of that for bright MSCs in a self-focusing medium, as shown in Fig. 6 . The symmetry relation is mathematically exact. Correspondingly, the lateral shift is also governed by the same rules as those for a bright M S C .
An important consequence is that the change of refractive index induced by incoherent MSCs has exactly the same pattern in cases of self-focusing and selfdefocusing media with Kerr-type nonlinearity.
4. Intensity limits in multi-soliton complexes 4.1. Estimate of the peak intensity. For a single NLS describing the evolution of a coherent eld, soliton interactions are phase-sensitive, so that constructive or destructive nonlinear interference can be observed. Since the pro les of interacting solitons are distorted according to the nonlinear superposition principle, large variations of the peak intensities can occur. Indeed, it has been demonstrated that the peak intensity can vary by a factor of N 2 for N interacting solitons AM91].
In some sense, phase sensitivity can be \ampli ed" due to nonlinearity, s o t h a t it is greater than that occuring for linear interference between mutually coherent sources. Knowledge of how the maximal beam intensity of stationary and interacting MSCs changes during and after collisions can be important for the development of switching devices based on incoherent solitons. In what follows, we derive a rigorous relationship between the parameters of incoherently{coupled solitons and the range of admissible intensities for MSCs.
We perform the analysis for bright MSCs in a self-focusing medium, when the background is absent. However, with the use of Eq. (3.6), the results can be readily applied to bright solitons in a self-focusing medium existing on top of a background, and also to dark solitons which can exist in media with a self-defocusing Kerr-type nonlinearity.
Although the general solution for the MSC pro le can be obtained in an explicit form (2.4), it is not possible to nd an explicit analytical expression for the maximum intensity, and it can only be determined by n umerically solving transcendental equations. Therefore, a di erent approach is needed to make an analytical estimate for the peak intensity levels. In order to do this, we turn Eq. (3.4) into an 2) is = m , and we h a ve I inf = max j (r 2 j ). Note that this value can be interpreted as the minimal squared radius of a circle which has its center at the point ( 0 m ) in the parameter space (r ) and which c o n tains all the soliton eigenvalues within it see Fig. 11(a) ]. Thus I inf is proportional to the area ( r 2 j ) of this circle. On the other hand, we note that, for a stationary MSC, the amplitude pro les satisfy a self-consistent e i g e n value problem, This means that the variations of the peak intensity are strictly limited by t h e largest eigenvalue in an MSC, as illustrated in Fig. 11 . Note that I max = I inf if there is only one fundamental soliton (Fig. 11, left) . The peak intensity decreases if several solitons compose an MSC, but always remains above t h e l o wer limit (Fig. 11, right) . This occurs despite the fact that the individual fundamental soliton intensities are always superimposed, i.e. destructive i n terference is not possible, in contrast to the case of coherent i n teractions. The observed decrease of total intensity underlines the complicated nature of the nonlinear superposition phenomenon, and occurs because the pro les of individual solitons are strongly distorted due to the nonlinear self-action e ect.
4.3. Interacting solitons. Our general results can also be applied to the case when solitons have di erent angle tangents, n . In other words, we can estimate the peak intensity c hanges during the collision of several MSCs. As follows from the form of Eq. (4.2), the limiting value I inf depends only on the maximum eigenvalue in each of the colliding MSCs. Again, Eq. (4.2) has a clear geometrical interpretation: the optimal value of in Eq. (4.2) must be chosen to minimize the area of a semicircle which has its center at the point ( 0 ), and which c o n tains all the soliton eigenvalues. Two examples, corresponding to a collision between a single fundamental soliton and an MSC with di erent angle tangents ( n ), are shown in Fig. 12 . When the relative angle is small (Fig. 12, left) , the intensity at the impact area of the collision decreases. We h a ve already observed this e ect for a stationary MSC when the relative angle is zero. However, for larger relative angles, the peak intensity increases (Fig. 12, right) .
In order to understand the di erences in the interaction pattern, we study the dependence of the peak intensities on the relative angle tangent of the colliding MSCs. To illustrate the key features, we consider interactions of two i d e n tical MSCs with a relative angle tangent 2 1 see Fig. 13(a) ]. Although Eq. (4.2) can be used to obtain an estimate for the peak intensities, as in the previous examples, we nd that the results are not optimal for large 1 . T o obtain a more accurate estimate, we recall that Eq. (4.1) is satis ed for all (real) simultaneously. W e now c hoose = 1 , add the corresponding inequalities together, and obtain the following upper limit, I inf = m a x j r 2 j (r 2 j + 4 2 1 ) r 2 j + 2 2 1 : (4.4)
We t h us see that I inf ( 1 ! +1) ! 2 m a x j (r 2 j ), which is a simple sum of the upper bounds for individual MSCs. This result means that the interaction of solitons with large relative angles is weak, and the MSC intensities are added together similarly to the linear case. As a matter of fact, this is a general property of optical solitons SS99]. Results of numerical simulations for soliton collisions are presented in Fig. 13(b) . We also illustrate the evolution of the intensity pro les at small and large relative angles in Figs. 13(c) and (d), respectively. 
Conclusions
In conclusion, we h a ve obtained an exact solution for multisoliton complexes on top of a multi-component background composed of radiation waves in Kerr-type nonlinear media. We h a ve i d e n ti ed similarities and di erences between bright a n d dark MSCs which exist in self-focusing and self-defocusing media, respectively. I n particular, we h a ve found that the intensity pro les in these two cases are \mirror-images" relative to the level of the background, and that they depend only on the eigenvalues of the fundamental solitons. For example, the reshaping of MSCs after collisions is determined by the lateral shifts of the fundamental solitons and is not a ected by t h e b a c kground components. On the other hand, the width of dark solitons has a minimum, and this value depends strongly on the angular distribution of the radiation waves. We h a ve performed a detailed analysis of the key soliton characteristics for the case of a Gaussian angular distribution of radiation waves, and presented numerical examples illustrating the principal features of bright a n d dark MSCs.
We h a ve also obtained an accurate estimate for the peak intensities of multisoliton complexes. We h a ve demonstrated that incoherent coupling can result in a decrease of the peak intensity when the relative soliton angles are small (or zero) and nonlinear interaction is strong. On the other hand, solitons with large relative angles can roughly be superimposed as linear waves, since the interaction is weak.
